EPJ manuscript No. 

(will be inserted by the editor) 



Electromagnetic corrections in hadronic processes 



m 
O 
o 

O 
CD 



J. Gasser 1 , A. Rusetsky 2 ' 3,4 , and I. Scimemi 1 

1 Institute for Theoretical Physics, University of Bern, Sidlerstrasse 5, 3012 Bern, Switzerland 

2 Universitat Bonn, Helmholtz-Institut fur Strahlen- und Kernphysik (Theorie), Nufiallee 14-16, D-53115 Bonn, Germany 

3 ECT* European Centre for Theoretical Studies in Nuclear Physics and Related Areas, Villa Tambosi, 
Strada delle Tabarelle 286, 1-38050 Villazzano (Trento), Raly 

4 On leave of absence from: High Energy Physics Institute, Tbilisi State University, University St. 9, 380086 Tbilisi, Georgia 



(N 
(N 

<N 
> 
O 
\D 
(N 
in 
O 
m 
O 

Oh: 

Oh! 
CD 

43 ■ 



X 



Received: date / Revised version: date 

Abstract. In many applications of chiral perturbation theory, one has to purify physical matrix elements 
from electromagnetic effects. On the other hand, the splitting of the Hamiltonian into a strong and an 
electromagnetic part cannot be performed in a unique manner, because photon loops generate ultraviolet 
divergences. In the present article, we propose a convention for disentangling the two effects: one matches 
the parameters of two theories - with and without electromagnetic interactions - at a given scale /ij , referred 
to as the matching scale. This method enables one to analyze the separation of strong and electromagnetic 
contributions in a transparent manner. We first study in a Yukawa-type model the dependence of strong and 
electromagnetic contributions on the matching scale. In a second step, we investigate this splitting in the 
linear sigma model at one-loop order, and consider in some detail the construction of the corresponding 
low-energy effective Lagrangian, which exactly implements the splitting of electromagnetic and strong 
interactions carried out in the underlying theory. We expect these model studies to be useful in the 
interpretation of the standard low-energy effective theory of hadrons, leptons and photons. 
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1 Introduction 

A systematic approach to take into account electromag- 
netic corrections in low-energy processes is based on Chi- 
ral Perturbation Theory (ChPT), the low-energy effective 
theory of the Standard Model in the hadron sector. A gen- 
eral procedure for constructing this effective theory in the 
meson sector has been proposed by Urech pQ, see also Ref. 



[2] • A substantial number of papers has dealt with exten- 
sions of the method and with applications. In particular, 
Urech's approach has been generalized to include baryons 
and leptons @J _ E! Numerical estimates of the elec- 
tromagnetic low-energy constants (LECs) have been pro- 
vided as well, based on different techniques (specific mod- 
els, resonance saturation, sum rules) The effective 
Lagrangian with virtual photons has been used to study 
isospin breaking corrections in the baryon and meson sec- 
tors (see, e.g., Refs. |Hlll2H13| i. including hadronic atoms 
|14|. As the latest interesting developments, we mention 
the evaluation of isospin-breaking corrections in radiative 
r decays, which is relevant for the analysis of the anoma- 
lous magnetic moment of the muon |15| , and the construc- 
tion of the chiral Lagrangian in the intrinsic parity odd 
flficjf^ qfeO(e 2 p 4 ), see Ref. In this last reference, elec- 
tromagnetic corrections to tt° — > 77 were evaluated as 
well. 

Despite these works, we believe that there is still room 
for improvement in the understanding of the presently 
used method to calculate electromagnetic corrections at 
low energies. To illustrate what we have in mind, consider 
the decay ij — ► 3tt in the framework of QCD [T2|. The 
amplitude for this decay is proportional to l/Q 2 , where 
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denotes a ratio of quark masses in pure QCD. One at- 
titude is to use the measured decay width for a 
determination of the quantity Q 2 . On the other hand, one 
may as well evaluate Q 2 from the meson mass ratio 

and predict the width. In this manner, the mass difference 
of the kaons in pure QCD shows up. In order to deter- 
mine this difference, one has to properly subtract the con- 
tributions from electromagnetic interactions to the kaon 
masses [T%]. Here one encounters a problem: due to ultra- 
violet divergences generated by photon loops, the split- 
ting of the Hamiltonian of QCD+7 into a strong and 
an electromagnetic piece is ambiguous. The calculation 
of (Mft + — M|- )qcd in the effective theory must there- 
fore reflect this ambiguity as well. An analogous problem 
occurs whenever one wants to extract hadronic quantities 
from matrix elements which are contaminated with elec- 
tromagnetic contributions. 

A problem of this type does not seem to appear in 
some of the calculations of radiative corrections in ChPT, 
see e.g. the calculation of pionic beta decay in Ref. pp. 
One starts from an effective Lagrangian £ c g that con- 
tains strong and electromagnetic couplings, and evaluates 
physical processes in terms of these. The meson masses 
that occur in these calculations may be identified with the 
physical ones, and need not be split into a strong and an 
electromagnetic piece. However, at the end of the day, for 
a calculation of the matrix element, one needs a value for 
the remaining couplings involved. It is clear that in princi- 
ple, these can be determined from the underlying theory, if 
the effective theory is constructed properly. Since in that 
theory, there does exist an ambiguity as to what is an 
electromagnetic and what is a strong effect, the ambigu- 
ity must also reside in the couplings. Estimates of their 
size should therefore take into account this fact. 

One is confronted with two separate issues here. The 
first one is a proper definition of strong and electromag- 
netic contributions in a given theory. The second, separate 
point concerns the construction of the corresponding ef- 
fective low-energy Lagrangian. For an early mentioning of 
these points see Ref. jjj. In Ref. [Hj, Bijnens and Prades 
have evaluated several of the electromagnetic LECs by 
applying a combined approach, which uses the extended 
Nambu-Jona-Lasinio model (perturbative QCD and fac- 
torization) to evaluate long-distance (short-distance) con- 
tributions in the convolution integrals that determine the- 
se LECs. It is pointed out that some of these constants 
depend on the gauge and scale of the underlying theory. 
Explicit calculations are then carried out in the Fcynman 
gauge. In Ref. [TJJ, the dependence of the electromagnetic 
LECs on the QCD scale and on the gauge parameter is 
studied as well. A representation of the LECs in the form 
of a convolution of the pertinent QCD correlators with 
the photon propagator has been exploited for estimates of 
their size. 

In our article, we take up these discussions. The fi- 
nal aim is i) to investigate the problem of electromagnetic 



corrections in QCD+7, in the sense that the generating 
functional of Green functions of scalar, vector and axial 
vector currents is extended to include radiative corrections 
at order a, and ii) to construct the relevant effective the- 
ory at low energies, taking into account the ambiguities 
mentioned. It may be that the effective Lagrangian con- 
structed some time ago by Urech pQ stays put. However, 
the LECs occurring in there certainly need a refined in- 
terpretation. Due to the complexity of the problem, we 
found it useful to investigate the issue - as a first step - 
in the framework of field-theoretical models which allow 
a perturbative analysis. For this reason, we concentrate 
in the following on two models: first, on a theory with 
Yukawa interactions between fermions and scalar parti- 
cles. This simple theory allows one to illustrate the sep- 
aration of electromagnetic effects in a clear manner. In 
order to also investigate the transition to the relevant ef- 
fective low-energy theory, we consider the linear cr-model 
(LerM) in its broken phase, with electromagnetic interac- 
tions added. Three different scales occur in these investi- 
gations: 

[i renormalization scale in the underlying theory 
/i Bf( in the effective theory 

\i\ matching scale 

The scales [i and /x cft have the standard interpretation. 
At the matching scale /ii , the parameters in the full theory 
agree with those in the theory where the electromagnetic 
interactions are switched off, in a manner to be specified 
later in this article. The calculations, which we explicitly 
carry out in the framework of the loop expansion, allow us 
to illustrate the salient features of the electromagnetic cor- 
rections to processes that occur through the interactions 
of non-electromagnetic origin (called strong interactions 
for brevity in the following), and to illuminate the role of 
the three scales just mentioned ^H] ■ 

The plan of the paper is as follows. In section[2] we dis- 
cuss our prescription for the splitting of strong and electro- 
magnetic interactions in the Yukawa model, and analyze 
the ambiguity of such a splitting. The same questions are 
dealt with in sections El and within the linear sigma 
model in the spontaneously broken phase. In sectional we 
study the splitting in the corresponding low-energy effec- 
tive theory. Comparing the quantities calculated in LcrM 
and in the effective theory, we provide explicit expressions 
for some of the low-energy constants. Using these expres- 
sions, we discuss the dependence of the parameters of the 
effective theory on the matching scale, as well as on the 
running scale and on the gauge parameter of the underly- 
ing theory. In section Q we compare our results with the 
work of Moussallam ^U] . Section [S] contains a summary 
and concluding remarks. The appendices collect some no- 
tation and useful formulae. 



J. Gasser et al.: Electromagnetic corrections in hadronic processes 



3 



2 Separating strong and electromagnetic 
effects 

2.1 Notations 

We first illustrate in a Yukawa-type model the splitting of 
strong and electromagnetic interactions. While this the- 
ory does not describe the real world, the characteristic 
features of having several couplings in the theory are il- 
lustrative. The Lagrangian describes interactions between 
fcrmions, a scalar field and photons. The scalar field gener- 
ates what we call here strong interactions. For simplicity, 
we consider the case of two couplings, g and e. The first 
one describes the interaction of the scalar field with the 
fcrmions, and e denotes the electric charge. Other cou- 
plings, e.g. the quartic self-interaction of the scalar field, 
will then arise through quantum fluctuations. In order to 
avoid vacuum diagrams (where the scalar field disappears 
in the vacuum), which render the renormalization more 
complicated, we equip the fermions and the scalars with 
an internal degree of freedom that we call colour for sim- 
plicity. The Lagrangian is 

C Y = *([i]p-M]-l c + g<l>'l,)¥ + ~ d»4>)c 

- ^ (0 2 > c - \ V" ~ ^ (d^f + £ ct . (2.1) 

Here £ ct stands for the counterterms that render the gen- 
erating functional finite at one-loop order. We use the fol- 
lowing notation for the fermion and scalar fields, 

!F = !P? ; q,n = 1,2 ; = r<V° , (2.2) 

where r a denote the Pauli matrices. We refer to q (n) as 
flavour (colour) indices, respectively, and (A) c denotes the 
colour trace of A. The unit matrices in the flavour (colour) 
space are denoted by 1/ = 8 sq (l c = S nm ), and e.g. • 
lfty stands for \P™T% m <f> a ]P™, etc. Further, A^ denotes the 
photon field, and = d^Ay — d v A^. The quantity £ 
stands for the gauge parameter ( £ = 1 corresponds to the 
Feynman gauge). The covariant derivative of the fermion 
field is defined as 

D„ = d fi -l f -ieQA fl , (2.3) 

and M. (M) stands for the fermion mass matrix (mass 
of the scalar field). The quantities Q and M. are 2x2 
matrices in flavour space, 

1/2 0WQ a 0\ M= (m 1 0\ 
W 3 \0 -1) \Q Q2J ' m ^0 ni 2 J- 

(2.4) 

Finally, eQ q denotes the charge of the fermion q. 

2.2 Renormalization 

We consider the generating functional 

c lZy =N / VVVVVcfrVA^ x 



Table 1. Counterterm Lagrangian: operator basis and the j3- 
functions. 
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x expji J dx[L Y +v>F + f a <P a ]j ■ (2.5) 

Here, 77 and f a are external sources for the fermion and for 
the scalar fields, and N is a normalization factor, chosen 
such that Zy vanishes in the absence of external fields. 
For the renormalization, we choose the modified minimal 
subtraction (MS) scheme. The generating functional Zy 
at one loop can be made finite by the following choice of 
ultraviolet divergent counterterms, 1 

12 

Cct = AO*) a *°* > ( 2 - 6 ) 

i=l 

where 

The operator basis Oi and the /3-functions a% in Eq. 1)2. fi|) 
are displayed in tabled 

In the language used here, the couplings g, e and the 
masses m q are the running ones - we do not, however, 
indicate this fact with an index attached to these (or other 
running) parameters, in order to avoid flooding of the text 
with unnecessary symbols. 



2.3 The physical mass 

As a first application, we evaluate the physical mass of 
the fermion fields, given by the position of the pole in the 
propagator. Denoting these masses by M q , we find 

M g = m q [l + -^(3g 2 -2e 2 Q 2 q )lii^+A 1 g 2 
1 Ion' 1 H n 

+ A 2 Q 2 q e 2 ]+Q (g\e 2 g 2 ,e i ) , (2.8) 

We tame ultraviolet as well as infrared divergences with 
dimensional regularization. As usual, d denotes the dimension 
of space-time, and fj, is the renormalization scale. 
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where 



16tt 2 



dx{2 - x) ln(x 2 + (1 - x)M 2 /m 2 ) 



A 2 = 



4tt 2 



(2.9) 



The physical masses become scale independent, pro- 
vided that the masses m q run properly with the scale, 



drriq 
d/i 



-^(3 5 2 - 2e 2 Q> g + 0( 5 4 ,eV,e 4 ) 



(2.10) 



The scale dependence of g, e and of M 2 is a one- loop effect 
and does therefore not matter in the present context. Once 
the running mass m q is known at some scale, the physical 
mass M q is fixed in terms of the coupling constants g,e 
and of m 9 , M at this order in the perturbative expansion, 
see below. 

We now discuss the splitting of the physical masses 
into a strong and an electromagnetic part. A first choice 
might be to identify those parts of Eq. 1)2. 8JI which are pro- 
portional to g 2 (e 2 ) as the strong (electromagnetic) contri- 
butions to the mass. However, this identification has the 
disadvantage that the so defined strong piece runs with 
e 2 as well, see Eq. (|2.f 0(1 . For this reason, we define the 
splitting procedure as follows. We divide the mass into a 
piece that one would calculate in a theory with no elec- 
tromagnetic interactions, and a part proportional to e 2 , 



M q = M q + e 2 M\ + 0(e 4 ) 



(2.11) 



Here and below, barred quantities refer to the theory at 
e = 0. The first term on the right-hand side is 



l q [l 



16tt 2 



ln^ + Ar^+OG? 4 ) . (2.12) 



M 



This part is scale independent by itself, provided that the 
mass fh q runs according to 



/'- 



dm q 
dfi 



9 



16tt 2 



0{f) 



(2.13) 



The scale dependence of g does not matter at this order. 
The relation (|2.13() shows that one has to fix a boundary 
condition in order to determine M q . As a natural condi- 
tion, we choose the running mass fh q to coincide with the 
running mass m q in the full theory at the scale \i = jix, 



©JO 

s 

"3 
3 

3 

•- 



m q (H) 



(1 



Fig. 1. The matching condition l|2.14^ . The solid line repre- 
sents the running of the mass m q in the full theory according 
to Eq. I2.10L whereas the dashed lines display the running of 
fh q according to Eq. 1)2. 13ft . The scales jUj.,2 refer to matching 
scales, where fh q is made to agree with m q . 



This splitting has the desired properties: the strong and 
the electromagnetic part are scale independent. On the 
other hand, as is explicitly seen in the contribution pro- 
portional to e 2 , the splitting does depend on the matching 
scale Indeed, one has at this order 



Mi 



dM q 



d[e 2 Ml] 



6e 2 2 

1C 9 1 



(2.16) 



In other words, both terms in the splitting depend on the 
scale \i\ . This scale dependence is of order e 2 in the ap- 
proximation considered. The sum M q is of course indepen- 
dent of the matching scale. 

The dependence of the splitting on the scale /ii orig- 
inates in the different running of the masses in the full 
theory and in the approximation when e = 0. In Fig. ^ 
we illustrate the matching condition l|2.14|l . The solid line 
refers to the running of the mass m q in the full theory, 
whereas the dashed lines represent the running of rh q . Be- 
cause, for a fixed value of the scale /x, the running mass 
fh q depends on the matching scale chosen, the mass M q 
does so as well. 

The splitting of the pole mass into a piece at e = and 
a part proportional to e 2 can in general be performed from 
knowledge of the relevant /3-functions of the masses and 
of the coupling constants to any order in the perturbative 
expansion, see below. 



9g 2 

167T" 



In A] 

Mi 



0(g 4 ) (2.14) 2.4 Splitting of the running masses 



The electromagnetic part e 2 M q - is obtained by evaluating 
the difference M q — M q . Identifying g with g at this order, 
we finally have 

M q = fhqin; nx) [l + -^-^ In • 



16tt 2 



M 



Mi 



-m g (M;Mi)[ 



16tt 2 



In- 



Mi 



+ A x g 
A2M 



+ 0(.g 4 ) 
0{f) 



We have discussed the splitting of the physical masses into 
a strong and an electromagnetic piece. A similar splitting 
may be considered for the running masses themselves. In- 
deed, consider the matching condition Eq. (|2.14|l . Express- 
ing rnq(/ii) through the running mass at scale fj, gives at 
one-loop order 



(2.15) 



m g (/x) = m g (M;Mi)[ 1 



6e 2 Q 2 , 



16tt 2 



■ In ■ 



Mi" 



(2.17) 
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This result is the analogue of the relation H2.11[l for the 
physical masses. It shows that the splitting of the run- 
ning masses into a part that runs with the strong interac- 
tion alone, and a piece proportional to e 2 , depends on the 
matching scale, see figure ^ 

This ambiguity in the splitting also occurs in QCD for 
the quark masses. At lowest order in the strong coupling 
g s , the ambiguity in the mass of the g-quark is 



Am q = — 



3aQ 2 



In 



M2 

Mi 



(2.18) 



In the case of the up quark (down quark) , a change in scale 
by a factor two changes the value of m u (m d ) by l°/oo 
(0.25°/oo)- How does this affect e.g. the proton-neutron 
mass difference? We consider the first two terms in the 
quark mass expansion in pure QCD, 



M p = M + B u m u + B d m d - 
M n = M + B d m u + B u m d 



(2.19) 



Here, Mo denotes the nucleon mass in the chiral limit, and 
B u,d stand for nucleon matrix elements of quark bilinears. 
The ellipses denote higher order terms in the quark mass 
expansion. For the proton-neutron mass difference, we ob- 
tain 



M„ 



M n = {B d - B u )(m d - m v 



(2.20) 



where the ellipsis denotes higher order terms in the quark 
mass expansion. The ambiguity in this splitting is 

A(M p - M„) ~ (B d - B u )(Am d - Am u ) 

+ (AB d — AB u )(m d — m u ) . (2.21) 

The second term on the right-hand side is induced by the 
analogous ambiguity in the splitting of the strong cou- 
pling constant g s . It is an effect of second order in isospin 
violation, and we drop it here. As a result, we have 



A(M P - M n ) 



3a m d /m v 



18tt m d /m u — 1 
1CT 3 • (M p 



(M p — M n ) In 



M„)ln^ 
Mi 



M2 

Mi 

(2.22) 



for m d /m u ~ 1.75. A change in the scale /ii by a factor 2 
therefore changes the mass difference by less than l°/oo> a 
negligible effect. (See Ref. [22 for the analogous discussion 
concerning the mass M .) 



2.5 Renormalization group and the splitting procedure 

The above examples illustrate the salient features of puri- 
fying mass parameters from electromagnetic effects. One 
may wonder whether there is a way to split e.g. the pole 
mass in a unique manner. The reason why this is not the 
case is the following. In the Yukawa model considered here, 
the pole mass is proportional to m q , which itself depends 
on the scale fi. In order to compare this mass with the 



corresponding quantity at e = 0, one has to compare two 
quantities that run differently, rh q and m q . This running 
is itself a one-loop effect. Beyond the tree-level approx- 
imation, the inherent ambiguity therefore will show up 
unavoidably. 

The proper tools to perform the splitting in general 
are the /3-functions of the masses and of the coupling con- 
stants. For illustration, let us consider a theory which has 
only the following parameters: strong and electromagnetic 
couplings g, e and a mass m. We do not specify the phys- 
ical content of this theory, since it does not play any role 
here, and assume that the renormalization group equa- 
tions (RGE) read 

M^ = (3 g (9,e) = Pf\g) + e 2 pf\g) + 0(e 4 ) , 
- f3 e (g, e) = e 3 ^ {g) + ^(D {g) + 0(e 7 } ^ 

M~jj~~ = 7(5, e)m = [ 7 (0) (ff) + e 2 7 (1) (<?) + 0(e i )] m . 

(2.23) 

The RGE in the theory with no virtual photons are ob- 
tained from Eq. (|2.23|) by retaining for g and m only the 
first term in the expansion in e 2 , 

M^W 0) G?)m, (2.24) 

where bars indicate quantities defined in the theory with 
no virtual photons. The matching condition sets the pa- 
rameters (g,g) and (m,fh) equal at the matching scale 
fj, = Hi. With this condition, the couplings and the masses 
can unambiguously be related to each other, 

5(m) = <?(m;Mi) [1 + e 2 (fi)X g (g,n,fi 1 ) + 0(e 4 )] , 

m(/i) = m(/x; Mi) [1 + e 2 (n)X m (9, n, m) + 0(e 4 )} , (2.25) 

where the explicit expressions for X g , X m can be obtained 
order by order in perturbation theory. The splitting of 
other quantities proceeds in an analogous manner. 



3 Linear sigma model 

In the remaining part of this paper, we consider the Higgs 
model in its spontaneously broken phase. The model also 
goes under the name linear sigma model (LerM), to which 
we stick in the following. In the absence of electromagnetic 
interactions, it exhibits an 0(4) symmetry, spontaneously 
broken to 0(3). The corresponding effective theory at low 
energies may be analyzed with the Lagrangian used in 
ChPT, with low-energy constants that are fixed in terms 
of the couplings of the LctM |22II23) . Here, we extend these 
investigations to incorporate also electromagnetic interac- 
tions. In particular, in this and in the following two sec- 
tions, we evaluate several quantities (pole masses, coupling 
constants and vector current matrix elements) at one loop, 
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and discuss the disentangling of electromagnetic effects. In 
sectional we then consider the corresponding low-energy 
effective theory and work out the low-energy expansion of 
the results obtained in the LerM, which amounts to match- 
ing certain combinations of LECs in the effective theory. 
This will allow us to investigate the scale and gauge de- 
pendence of these LECs. 

Although the linear sigma model does not qualify as a 
candidate for the strong interactions [221 j we expect that 
many features of its effective low-energy theory are very 
similar to the one of QCD+7 . For simplicity, we refer in 
the following to the linear sigma model at e = as the 
strong (underlying) theory. 

We start the discussion with the construction of the 
Lagrangian at one-loop order. 



Table 2. Counterterm Lagrangian in the LcrM with virtual 
photons and external fields, in any gauge: operator basis and 
the /3-functions. 
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3.1 The Lagrangian 

We couple the four real scalar fields <p A in the linear sigma 
model to external vector and axial vector fields and incor- 
porate electromagnetic interactions, 

£er = £0 + £ct ) 

Co = \ (d^fd^ + ™L ^ _ 1(^)2 + C0 O 



(3.1) 



where 



)a - r% B 1 



r» = f» + eA^Q , r» y = d»r v - d v r» + [r», r v ], 

(3.2) 

and where the external vector and axial-vector fields are 
collected in the antisymmetric matrix F^, 



F 0i = a 1 



-€ ijk V k a 



(3.3) 



The notation for A^, F^ v and for £ is the same as in the 
previous section. The only nonzero entries of the 4x4 
charge matrix Qab are 2 Q12 = —Q21 = —1- In our met- 
ric, the spontaneously broken phase occurs at m 2 > 0. 
Since the electromagnetic interactions break isospin sym- 
metry, we have explicitly introduced the isospin breaking 
terms ~ 5m 2 , Sg from the very beginning. The countert- 
erms are collected in £ ct , see below. The symmetry break- 
ing parameter c is considered to be of non-electromagnetic 
origin - it provides the Goldstone bosons with a mass also 
at e = 0. 

The evaluation of the masses and of the current matrix 
elements will be performed in the loop expansion. In order 



2 Our notation for the charge matrices is summarized in ap- 
pendix^ 



to be consistent, on the one hand, with our assumption 
that isospin-breaking has a purely electromagnetic origin 
and, on the other hand, with ChPT counting rules, we 
will furthermore rely on the following counting for the 
symmetry breaking parameters, 



5m 2 ~0(e 2 ) , 8g~0{e 2 ) 



3.2 Renormalization 



e 2 , C : 



0(p 2 ) . (3.4) 



One-loop divergences are removed by the following coun- 
terterms, 



C ct = \(n)J2&^ + 0(e 4 ) 



(3.5) 



where the divergent quantity A(/i) is displayed in Eq. (|2.7|l . 
The operator basis and the /3-functions are collected in ta- 
ble [3 We use the MS scheme to eliminate the divergences 
in the Green functions. The parameters of the theory obey 
the following renormalization group equations, 



0,(3.6) 





where 



16tt 2 



$ = 



16tt 2 



12 5 + 


4Sg 


4.9 











-6e 2 + 


166 g 


4.9 


2V- 


ir Sgdg \ 




-6ge 2 


^AOgSg 




1 
3 


e 3 / 





(3.7) 



The RGE in the isospin symmetric case can be obtained 
by setting e = Sg = dm 2 = 0. 

The following remarks are in order. 

1. The operator P7, which contributes to the renormal- 
ization of the matrix element of the charged vector 
current, has no counterpart in the tree Lagrangian. 
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This implies that, in the MS scheme, the charged com- 
ponents of the vector form factor become scale (and 
gauge) dependent in the presence of electromagnetic 
interactions. This merely reflects the fact that the char- 
ged current is not an observable quantity for e 7^ 0. An 
analogous situation occurs in QCD+7 . 

2. On the other hand, if one calculates the matrix element 
of the charged current in the effective theory, it is ap- 
parently scale independent, and in general exhibits a 
different gauge dependence. In order to reconcile these 
two ways of calculation, the electromagnetic LECs in 
the effective theory must depend on the running scale 
of the underlying theory and on the gauge parameter 

3. There is an essential difference between the contact 
term Pq that arises in the renormalization of the theory 
at e = 0, and the operators P7, P%. None of them 
have counterparts at tree level. However, whereas Pq 
at e = contains only external sources and does not 
contribute to S'-matrix elements, the operators P-j,s 
carry dynamical holds along with the external sources, 
and therefore do show up in physical matrix elements. 



4 Masses and couplings in the LaM 

In this section, we evaluate the charged and neutral pion 
masses in the spontaneously broken phase of the linear 
sigma model to one loop. Further, we discuss their split- 
ting into a strong and an electromagnetic part. In order to 
keep track of the notation, we found it useful to provide 
in appendix [0 a separate glossary for the various mass 
parameters used. 



4.1 Tree level 

For m 2 > 0, the potential has a minimum at <j> T = (vo, 0) 
7^ 0. After the shift cf>° = <j + vq, one may directly read off 
the expression for the vacuum expectation value vo and 
for the masses at tree level. In particular, vq satisfies the 
equation 



gv -m = 



from where one has 



m c 



0(P 4 ) 



y^g 2m 2 

The pion and the sigma masses at tree level are 



(4.1) 



(4.2) 



6 



Fig. 2. The vacuum expectation value of the scalar field (f>°. 
Displayed are diagrams that occur at tree level and at one-loop 
order. The shaded blob denotes self-energy insertions. Coun- 
terterm contributions are not shown. 



4.2 One loop 

The vacuum expectation value of the field (jP is evaluated 
in the standard manner: one performs the shift (f>° = a + v, 
and calculates the one-point function of the a-field to one 
loop. The corresponding diagrams are depicted in Fig. [5] 
The requirement (0|ct|0) = then determines v. We find 



v = v < 1 



where 



Lx = 



L v o + 2L 7r+ )\+0(p\h 2 ),(AA) 



•x 



16tt 2 



hi- 



•x 



- 1 



(4.5) 



The quantities mx denote the tree-level masses in Eq. 
(|4.3I) . and v$ is the solution to Eq. (|4.1|) . Remarks: The 
expansions in the framework of the linear sigma model 
are twofold: expansions in fi and in powers of the mo- 
menta, according to Eq. I|3.4|) . As an example, the ratio 

v/vq takes the form v/vq — ao + a iP 2 + a 2P A ^ , where 

the coefficients at are represented by a series expansion in 
h. We have indicated this fact in Eq. (|4.4|l with the Lan- 
dau symbol 0(p 4 , Ti 2 ). To ease notation, we often drop in 
the following the symbol h altogether. Furthermore, we 
will make use of the power counting convention Eq. (|3.4I) , 
such that 0(e 2 p 2 ,p 4 ) is written as 0(p 4 ). Finally, we drop 
terms of order e 4 in the calculations, and do not indicate 
this in the Landau symbols, except in the low-energy ex- 
pansion of the pion masses. End of remarks. 

To determine the pion masses, we evaluate the pole 
positions in the Fourier transform of the two-point func- 
tions (O|T0 l (2;)(^(O)|O),i = 1,3. The relevant diagrams 
are displayed in Fig. 01 We find 

M 2 - ml a \l + l-(Vo + 2L,+ - L n o)\ + 0(e\p e ) , 



Ml + = rnl + \ 1 + J- (Vo + L„o) f - e*<| 3L n+ - ^ 



v 



m 2 + = m 2 a - Sm 2 + Sgv 2 
m 2 = 2m 2 + 3m 2 . 



(4.3) 



where 



+ ^(m 2 o-m 2 + )V 1 + SgV 2 + 0(e\p 6 ) , (4j 



Vo = (3 + 2y)L a 



48tt : 



■(3 + 7y) , 
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.G_ _0_ j^v A 



Fig. 3. Self-energy of the pions at one loop. Counterterm con- 
tributions are not shown. Dashed lines correspond to tt , 7r°, 
solid lines to a, and the wiggle line to the photon. The last 
diagram is absent for the neutral pion. 



Due to gauge invariance, the running of e starts at e 3 , and 
does not affect other parameters at 0(e 2 ) - for this reason, 
we neglect this running and consider in the following e 2 
to be a fixed coupling constant. 



4.4 Electromagnetic effects in the pion masses 



Vi = Ko + AL n+ + (1 - Ay)L 



24tt 2 



2 2 

V 2 = (2 + 3y)L a --^ ; y=^ 



(4.7) 



4.3 The matching scale m 

In order to split the physical parameters into a strong part 
and a piece proportional to e 2 , it is most useful to con- 
sider such a splitting for the running parameters of the 
theory itself, as was discussed in section fS] We denote the 
parameters in the original theory by g, fh and c. First, we 
note that c is not running at this order, so the match- 
ing condition is simply c = c. Concerning to, g, one has 
several choices for the matching, because, in the presence 
of electromagnetic interactions, there are additional pa- 
rameters Sm 2 and Sg that enter the theory. We stick to 
the simplest possible choice, matching g and to 2 to their 
counterparts in the full theory at a scale fj, = m- With 
this choice of the matching condition, and using the RGE 
H3.6f) . one may relate the masses and coupling constants 
in these two theories at any scale. 

In order to render the matching formulae more com- 
pact, we introduce the following notation for the isospin 
breaking couplings Sm 2 and Sg, 



e 2 gc g , 



e 2 2 2 

Sm = e m c„ 



(4.8) 



where the new couplings c g and c m are assumed to be 
independent of e at this order. This notation makes it 
evident that Sm 2 and Sg are considered to be proportional 
to e 2 . Of course, the RGE i|3.6fl and l|3.7|l can be easily 



rewritten in terms of the parameters g, to 



and 



The analogues of the matching equations (|2.25(l are now 



^llnii 
2tt 2 mi 



m 2 {p) = m 2 (m,m){ 1 + (c g +c m ) —~ In — 

47T Z /il 



c = c . (4.9) 

As a result, the parameters g and m of the purely strong 
theory depend on the choice of the matching scale \i\ in 
the following manner, 



dg 
dm 



2- 



2 £ S 2 



dm^ = e 2 g(c g + c m ) _ 2 
dm 47r 2 



The pion masses may now be split into an isospin symmet- 
ric part and electromagnetic contributions in the following 
manner. One starts from l|4.6l) and expresses the parame- 
ters g,m,c through the isospin symmetric couplings g,m 
and c by use of Eq. I|4.9|l . The isospin symmetric part of 
the masses is obtained by putting the electric charge to 
zero, and the part proportional to e 2 is given by the dif- 
ference of the full and the isospin symmetric part. Next, 
we observe that the dependence on the electric charge in 
Eq. 1)4. 9|l is an effect of order fi. Therefore, to the accuracy 
considered here, the splitting (|4.9|l must be applied to the 
tree-level expressions only, 



v a = v Q il-Clnm ! /ri}+0(p i ) , 



m 2 „ = mil 1 + Cln^/m 2 \ + 0(p") , (4.11) 



where 



C — {Cg ~ c m) 



eg 
16tt 2 



f'o 



(4.12) 



Here, vo satisfies Eq. (|4.1[1 at {g,m) — > (g,m). The m 
dependence is 



/ii- — (m 2 ,u ) = 2C(m 2 ,-u ) 
am 



(4.13) 



Finally, the splittings become 

X = X + e 2 X 1 + 0(e 4 ) ; X = M 2 ,M 2 + . (4.14) 

We will use this notation also below: with a barred quan- 
tity we denote an expression evaluated at e = 0, with 
(g, to) -> (g,m). 

We illustrate Eq. I|4.14|l for the pion mass. The barred 
quantity is the same for the neutral and for the charged 
pion mass, 

M I = M 2 „ = M 2 + 



= m\ ll + ^iVo + L^) +0(p 6 ) . (4.15) 

The electromagnetic corrections are given by the differ- 
ence M 2 + — M 2 . For the neutral pion mass they are 



2^2,1 rn n g 



-7T U 



167T 2 TO 2 \ 

,2 



m„+ In — ^ m o In — \- 

m m 



,niC[ In ^2-1) <*< '■!'"> 14.10! 
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A similar expression holds for the charged pion mass. 

The quantity M T denotes the isospin symmetric part 
of the pion mass. It coincides neither with the neutral 
nor with the charged pion mass, and is independent of 
the running scale \i. It depends, however, on the scale \x\ 
where the matching has been performed, 

m /-M 2 = 2Cm 2 +0( e V) . (4.17) 

As C is of order e 2 , this scale dependence of the isospin 
symmetric part is of order p A . The electromagnetic part 
e 2 M 2 Q 1 has the same scale dependence, up to a sign, as a 
result of which the total mass is independent of fj,i . 



5 Vector currents in the LaM 

We now consider matrix elements of the charged and neu- 
tral vector currents in the framework of the linear sigma 
model. The result enables one to explicitly determine the 
dependence of some of the electromagnetic LECs on the 
scale of the underlying theory, and on the gauge parame- 
ter. 

We set the external axial- vector source to zero, a^(x) = 
0. The two-point function of the pion fields in the presence 
of the external vector source is given by 



dxdye ip x ' ipv (0|T^(a;)^'(y)|0) c 



dxdy e 1. 



(0|T>W(y)|0) c 



v x =0 



due l ^'- p >v k Au) g^r^ k (p',p) + 0(v 2 ) .(5.1) 



The residue of the vertex function F; AU contains the form 
factors, 



,1/2 



Z 



1/2 



M( -p 

On the mass-shell p 2 = M 2 , we have 



(5.2) 



if V,P) = ( P '+p)^ k (t) + (p-p')^ k (t) 



t = (p' - p) 



(5.3) 



In the above formulae, M 2 = M| and Mf are the 
physical masses of charged and neutral pions, respectively. 
Further, for the wave function renormalization constants 
one has Z\ = Zi = Z n + and Z-$ — Z^a. At one loop, these 
quantities can be obtained by evaluating the diagrams in 
Fig. El 



5.1 Charged current 



JL 

f ) 



Fig. 4. One-loop contributions to the matrix element of the 
charged vector current in the linear sigma model. Counterterm 
contributions and external lines insertions are not shown. Dou- 
ble, solid, dashed and wiggle lines correspond to the external 
vector source, to the a field, to (charged or neutral) pions and 
to photons, respectively. 



concentrate on the form factor F + (t) = F 231 (t). The rel- 
evant one-loop diagrams are displayed in Fig. In the 
large m a limit, we obtain 



F+{t)=l 



gt 



967r 2 m 2 



In 



2m 2 
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— - -J c (t;ml+,mlo) 



64tt 2 



(3 - 20 In • 



+ e 2 A m (m T+ )(3-0 + O(p 4 ) 



(5.4) 



The loop function J c (t; m\, m 2 ,) and the infrared diver- 
gent part Air are displayed in appendix El The form fac- 
tor F + (t) is infrared divergent. This, however, does not 
pose an obstacle for carrying out the matching of the low- 
energy effective theory, since the infrared divergences in 
both theories have the same form. Note that F + (t) is scale 
and gauge dependent at e ^ 0, 



d „ , x e 
an 



(3-20 



(5.5) 



It is therefore not an observable quantity. The scale de- 
pendence is of purely ultraviolet origin, because loop dia- 
grams are scale independent. Indeed, the scale dependence 
(|5.5(l is linked to entry 7 of table [3 and could be obtained 
without doing an explicit evaluation of the loop diagrams. 



5.2 Neutral current 

In this subsection, we consider the matrix element of the 
neutral vector current, which is closely linked to the elec- 
tromagnetic form factor of the pion. As we shall see, this 
quantity is scale dependent at e ^ 0, due to vacuum po- 
larization effects. 

The matrix element of the neutral current is defined 
as Fo(t) = Fj. 23 (t). Note that, due to the invariance of 
the theory under local 0(4) transformations (see the dis- 
cussion in the following section), F}_ 23 (t) = 0. Introducing 
the function <P(t) = Fo(t) / Fq(0) which is normalized to 
unity at t = 0, we obtain 



*(t) 



1 



gt 



96ir 2 m 2 



\A+ l 4 + o 2 K{t/ m l + ) 



2m 2 



The matrix element of the charged vector current is ob- 
tained from Eq. Ij5.3|l at i = 2, j = 3, k — 1. Here, we 



16tt 2 



2)G{t/mi + ) + -K{t/mi + ) 
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{2ml + -t)K{t/ml + )-t 



t - 4m 2 



327r 2 AiR,(m 7r +) - 1 



o( P 4 ) 



a* = \- 



4m 2 



t 



(5.6) 



The loop functions G, K and the infrared divergent part 
Air are displayed in appendix [Bj (As a check on the cal- 
culation, we note that the form factors F + (t) and Fo(i) 
coincide at e = 0.) Note that <P(t) is scale independent. 
On the other hand, the form factor at zero momentum 
transfer is 



F (0) = 1 + 



48tt 2 



In- 



(5.7) 



It is straightforward to check that the correction term in 
Eq. Q5.7H is due to vacuum polarization diagrams: as is 
well known, the contributions from the vertex correction 
and insertions in the external legs cancel at t — 0. At one- 
loop order, the scale dependence of the form factor Fo(i) 
is therefore 



24tt 2 



(5.8) 



Also here, one can obtain this scale dependence without 
doing an explicit calculation. The only scale dependence 
that matters is that of the vacuum polarization operator 
at t = 0, which is determined by (3q from table [3 

As a final remark, we mention that the splitting of 
strong and electromagnetic interactions at one loop can 
be unambiguously carried out in both the charged as well 
as the neutral current matrix elements. In other words, no 
/xi-dependence arises in these quantities at this order. On 
the other hand, branch points arc different in the full and 
in the strong part of the form factors. In particular, the 
loop function K(t/fh^) appearing in the strong part of the 
function $(t) defined by Eq. (|5.6(l . has a branch point at 
t = 4fh%., which does not coincide with the position of the 
physical branch point t — Am + . Let to 2 < ti 2 + . Then 
the strong form factor <S> develops an imaginary part in 
the interval 4m 2 < t < Arn 2 n+ , where the full form factor 
is real. However, the imaginary part is of order e 2 in this 
interval, and the strong form factor differs from the full 
one only by terms of order e 2 also here. 



6 Low-energy effective theory 
6.1 Symmetries 

As we mentioned in section OH the linear sigma model at 
e = may be analyzed at low energy with the effective 
Lagrangian of chiral SU(2)r x SU (2) l constructed a long 
time ago [22] ■ Here, we wish to extend the discussion to 
the case where the effects of virtual photons are included. 
These interactions break 0(4) symmetry. In order to apply 



the standard low-energy analysis which provides the struc- 
ture of the effective theory, one enlarges the Lagrangian 
(I3.1() in a manner proposed by Urech pp, such that the 
0(4) symmetry is formally restored. The procedure goes 
as follows. First, the charge matrix Q in the Lagrangian 
(13.11) is promoted to space-time dependent spurion fields 
Ql(%)i Qr{x). In matrix notation, to which we stick in 
this subsection, the expression for the covariant deriva- 
tive becomes 

d^S = d^Z - i(r M + cQrA^S + iS% + eQ L A^), (6.1) 
where 



E 



T 



(6.2) 



and where t 1 are the Pauli matrices. We consider charge 
spurions that are traceless, (Qr) = (Ql) = 0. The deriva- 
tive part in the Lagrangian (|3.1|) is modified, 

i(^0) T d^-> i^d^t) , 

where (A) denotes the trace of the matrix A. The sym- 
metry breaking parts proportional to (Q ■ <fi) T Q ■ (j> are 
replaced in an analogous manner, 



(Q • 0) T Q • -(Q R EQ L tf) + -(Ql + QD(S^) 



(6.3) 



and 



where / denotes the spurion field f = f° + ipT % . With 
these assignments, the generating functional in this en- 
larged theory is invariant under the local SUr(2) x SUl(2) 
transformations 

l» -» Vd^vl - iV L d^vl , 
-» Vrt^vI - iV R d^Yl , 
f -> V R fVl , Q L -» V L Q L VI , Q R - V R Q R VI ; 
V L , R eSU(2) . (6.4) 

The effective Lagrangian C c g is constructed from the 
Goldstone boson fields, the photon field and the exter- 
nal sources r M , l^, /, Qr and Ql- The matching condition 
states that the Green functions in the effective theory 
must coincide with those in the original theory at mo- 
menta much smaller than the cr-mass. At the end, one 
evaluates Green functions in the limit where the charge 
matrices become space-time independent, Qr = Ql, = 
h diag(l, —1). Because the linear sigma model with space- 
time dependent spurion fields has the same symmetry as 
the theory that underlies the construction of the effective 
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Lagrangian performed by Urech pQ, by MeiBner, Miiller 
and Steininger an d by Knecht and Urech ^2J, we 
simply take over their result. For easy reference, we dis- 
play this effective Lagrangian in appendix El adapted to 
the case of SU{2)r xSU(2)l which is relevant here. That 
Lagrangian is constructed using symmetry arguments, as 
a result of which the corresponding LECs are not deter- 
mined. Here, we have more information at our disposal: 
the low-energy expansion of the (loop expanded) gener- 
ating functional of the linear sigma model allows one to 
express these LECs through the parameters of the LerM. 
On the other hand, one can as well determine particular 
LECs by comparing physical quantities calculated in the 
underlying and in the effective theory. Below, we use both 
methods. Namely, we first verify, working out the tree ap- 
proximation of the linear sigma model at low energy, that 
the leading term in the effective Lagrangian indeed has 
the structure of displayed in Eq. I|C2(I . At one loop, 
we omit the full calculation and evaluate instead, using as 
examples the pion masses and the matrix elements of the 
vector currents determined above, several particular com- 
binations of the LECs that occur in the low-energy effec- 
tive theory. These examples already illustrate the salient 
features of the effective theory, in particular, the depen- 
dence on the scale in the underlying theory, as well as 
on the gauge parameter £. In addition, the meaning of 
the splitting between strong and electromagnetic contri- 
butions in the effective theory is clarified. 



6.2 Tree level 

In order to determine the structure of the effective La- 
grangian at leading order in the low-energy expansion, we 
first perform the low-energy expansion of the Green func- 
tions in the linear cr-model at tree level. For simplicity, we 
stick to space-time independent charges, as in Eq. I|3.1|) . 
and consider the action 



dx{C + f T cj>}, 



(6.5) 



where Cq denotes the Lagrangian Co in Eq. (ED at c = 0, 
and where / = (f°,f 1 )- The action S a , evaluated at the 
solution to the classical equations of motion (EOM) , gen- 
erates the tree graphs of the linear sigma model. It there- 
fore suffices to solve these equations in the large m a limit. 
As is the case for e = 22 23, the following parameteri- 
zation of the 0— field turns out to be useful, 



= RU J 

V9 



U T U = 1 



(6.6) 



where U T 
are 



(U°, U l ). The EOM in terms of the new fields 



R{U T d^U) 



U T X + m 2 R(l - R 2 ) 



e 2 m 2 R(c m - 2c g R 2 ){U T Q 2 ■ U) , 
R[d^U - U{U T d^U)] = X - U{U T X ) - 

e 2 m 2 R(c m - c g R 2 )[Q 2 ■ U - U{U T Q 2 ■ U)] 



2d^Rd^U 



(6.7) 



with X = — f 



and d^V 



= d„ 



\4>^>u- 



Analogous EOM 



hold for the photon field. In the following, we count the 
field x as a quantity of order p 2 [21] . The solution for the 
radial field R becomes 

R = 1 + R 2 + 0(p 4 ) , 



R2 = 



1 



2rn 2 



U T x-U T d^U 



2 2 

e m c 



[c m -2cg]{U 1 Q 2 -U) 



(6.8) 



The action can finally be written in the form 
Sa = J dx£^+0( P 4 ) , 



-(2) 



^ ~ {d^Uf d^U + U 1 x } - t F^ cl F?» 



2i 



(d,A^) 2 + e 2 F*Z cl (U T Q 2 -U) 



where 



fJ 



Zcl = - {Cg 







(6.9) 



(6.10) 



are the parameters of the 0(p 2 ) chiral Lagrangian, evalu- 
ated at tree level in the linear sigma model. These param- 
eters are modified by loop-contributions |22II23| . 

The structure of the Lagrangian (|6.9() indeed agrees 
with 1C2I) . if translated into the matrix notation used 
there. [Remark: In the effective Lagrangian l|6.9|) . the fields 
U, Ajfj obey the EOM relevant for the LerM. To the order 
considered, one may, however, replace these solutions by 
the ones where U, satisfy the EOM of the effective the- 
ory defined by df^ in Eq. (|6.9|l .] 

As already announced, we now match the expressions 
for several physical quantities calculated in the LctM and 
in the low-energy effective theory at one loop. In this man- 
ner, one may read off the values of particular linear com- 
binations of LECs. We start the procedure by comparing 
the expressions for the pion masses in the underlying and 
in the effective theory. 

6.3 Matching pion masses 

We first consider the purely strong part in the pion mass, 
displayed in Eq. (|4.15|l . The low-energy expansion is per- 
formed using the power counting l|3.4Jl . which amounts in 
this case to an expansion in the parameter c. We find that 



Mi 



M 



1 M 2 /16tt 



32tt 2 F 2 



11 In- 



2m 2 



9 



In 



0(p e ) 



22 

T 

(6.11) 



where F 2 and M 2 are reported in appendix El The quan- 
tity F denotes the pion decay constant in the chiral limit, 
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evaluated in the framework of the linear sigma model at 
order h, see Refs. |221I23) . from where the expression for F 
is taken. We recall that these calculations are performed at 
one loop. The expression for F 2 for instance is an expan- 
sion in g - two-loops would generate terms of order g, etc. 
The decomposition 16.1111 is not unique - one may define a 
modified parameter M 2 that differs from M 2 by terms of 
order c 2 without modifying the structure of Eq. (|6.11(1 - 
only the terms between brackets would change. Here, we 
have used the fact that M 2 is linear in c |22U23j . This fixes 
the structure of the expansion uniquely. 

We may now compare Eq. I|6.11|) with the expansion 
of the pion mass in the effective theory at e = 0. We find 
for the parameters in the effective theory (see appendices 
Oil 



M 2 = 2mB 
1 



M 2 , F 2 
16tt 2 



64tt 2 



11 In 



F 2 
2m 2 



fJ 



22 

y 



In 



JJ_ 
Mefl 



l 7 = 0. 



(6.12) 



Note that M 2 , l-j and F 2 are independent of the scales 
jU and fi B{{ of the underlying and of the effective theory. 
On the other hand, the pion decay constant and the mass 
parameter M 2 depend on the matching scale Mi. At one 
loop, 



Mi d 
F 2 dm 



9 Mi d 

F = -2- 



M 2 dn-. 



c g) 



Ait 2 



(6.13) 



The last term in this equation is proportional to the char- 
ged pion (mass) 2 in the chiral limit, see below. Using the 
DGMLY sum rule jH] gives 

F(m = lGeV) = F(m = 500 MeV) - 0.1 MeV . (6.14) 

We now turn to the determination of some of the electro- 
magnetic low-energy constants in the effective theory and 
start with the leading term Z at order p 2 , which deter- 
mines the charged pion mass at c = 0, 



M 2 + = 2e 2 F 2 Z + 0(c,e 4 ) 



(6.15) 



From the expression (|4.6() for the charged pion mass, one 
can derive Z (see appendix IE1 for the explicit expression). 
The quantity Z does not depend on the scale //, whereas 
the dependence on the matching scale \i\ generates a term 
of order e 4 in the pion mass and is disregarded. 

We can also determine the linear combinations /CTo , 
/C7 ± of the electromagnetic couplings k\ that occur in the 
expansion of the pion masses in the effective theory, see 
Eqs. " GSJl. The result is displayed in Eq. l|E2l . 

Whereas the couplings K7^ Q , K.^± in l|E2|> are independent 
of the scale /z, they depend on the matching scale /ii, 



Mr 



dKl 
d[ii 



die: 



= Ml- 



dni 



Z 

4^2 



(6.16) 



Finally, we display the neutral pion mass in the linear 
sigma model, properly expanded in powers of momenta, 



1 
f ) 



Fig. 5. One loop contributions to the matrix element of the 
charged vector current in ChPT. Counterterm contributions 
and external lines insertions are not shown. Double, dashed 
and wiggle lines correspond to the external vector source, and 
to (charged or neutral) pions and photons, respectively. 



and electromagnetic corrections disentangled, 



M 2 = M 2 + e 2 M^ + 0{e 4 ) , 
M 2 =M 2 Il 2MV - 1 ■ ^ 



F 2 \ l ^M^J> + °^ 



e 2 M 2 J 

-rrU 



M 2 



M 



r2 



M 2 + ln^i-M 2 ln 
+ e 2 M 2 K r n0 +O(p 6 ) . 



M 2 

Mefl 



(6.17) 



These expressions agrees in form with the one displayed 
in Eq. I)D1(I for the effective theory. 



6.4 Matching the charged vector current 

We start with the calculation of the matrix element of 
the charged vector current in the effective theory. Note 
that, since this matrix element is gauge dependent, we are 
forced to use the same gauge in the underlying and in the 
effective theory, otherwise the matching of these theories 
cannot be performed. The diagrams, contributing at one 
loop to this matrix element, are shown in Fig. [S] We find 
that 3 

t ( M 2 
n ff (^l-^{96^(Me ff ) + ln^ 



(3-20 ^ M 2 



G(P 4 ) ■ 



+ (3-C)Am(M w+ ) 



(6.18) 



The loop function J c (t;mf,m 2 ) and the infrared diver- 
gent part Air are displayed in appendix [Bj The first line 
in Eq. (|6.18|l reproduces the function f+(t) introduced 
in Ref. [H] [in the limit where the strange quark mass 
is taken to be large in /+(£)]. The matching of F? to 
F + in Eq. (|5.4(l enables one to read off the values of 
the strong and electromagnetic LECs. At tree level, the 



In this and in the following subsection, the symbol 
(M^o ) denotes the charged (neutral) pion mass in the effective 
theory. 
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matrix elements are equal to one in both cases. At one 
loop accuracy, one may safely use the tree-level relations 
Ml+, = to* + ,o + 0(h,p 4 ) and F 2 = m 2 /g + 0(h) every- 
where in the form factor l|6.18Jl . The matching condition 
simplifies to 



^(Mefr) 



96tt 2 



In 



2m 2 

Meff 



64tt 2 



11 



36 16tt 2 



Meff 



(6.19) 



The value for lg(fj, g) agrees with that from Refs. |22II23) . 
As expected, Zg(/x c ff) does not depend on the underlying 
scale fi, in contrast to kg([i c g). The whole /^-dependence 
of the matrix element of the charged vector current in the 
underlying theory is generated by the coupling fcg(/i c ff), 



4^ 



32tt 



64tt 2 



(3 - 2£) , 



(3 - 20 • 



(6.20) 



We note that both, the \i- as well as the ^-dependence of 
kg(pcff), are unambiguously determined by the underly- 
ing theory, and reflect the fact that the matrix element of 
the charged current is subject to ambiguities. One may, 
however, imagine a situation where the LoM is embed- 
ded in a larger theory with electrons and neutrinos, and 
calculate the S'-matrix element corresponding to the pion 
/3-decay in such a theory. The S- matrix element, calcu- 
lated in the corresponding enlarged effective theory, then 
contains LECs from the lepton sector, which cancel the 
scale and gauge dependence of fcg(/x e ff) (here, we neglect 
the problem with infrared divergences) . The above exam- 
ple shows that the scale and gauge dependence in various 
LECs can be strongly correlated. In particular, the con- 
ventional dimensional estimate can hold only for the in- 
variant combinations of LECs, which enter physical quan- 
tities. Finally, we mention that at this order of the per- 
turbation expansion, there is no dependence on the scale 
Hi in Iq(p c s), nor in fcg(^ off ). 

6.5 Matching the neutral vector current 

The analog of Eq. (|5.6() in the effective theory reads 

t ( M 2 1 

^(^l-^{96^ cff ) + ln-fi + - 



-a 2 K(t/M 2 + ) 



16tH 



M l 



2J G(t/M 2 , 



cr 2 , , , s 2 (2M\ - t)K(t/M 2 ,) - 1 
-—K(t/M 2 + ) -- + 2 K - s± ' M * + > x 



t - 4Af 2 4 



32tt 2 Ai R (M w+ ) - 1 



)+0( P 4 ) , 



a" = 1 



4M 2 



(6.21) 



The loop functions G and K and the infrared divergent 
part Air are displayed in appendix^! We note that <P cS (t) 
is identical to the form factor F% (t) displayed in Eq. (3.7) 
of Ref. [23, provided that one normalizes ^6 used there 
to the charged pion mass. In that paper, the infrared sin- 
gularities are regularized by introducing a small photon 
mass m 7 . The correspondence rule with dimensional reg- 
ularization is given in appendix iBl 

The matching of <l> cS (t) to the corresponding expres- 
sion in the LctM does not lead to any additional informa- 
tion, since !g(/i e ff) was already determined by the charged 
current matrix element. Nontrivial information can be ex- 
tracted from matching the matrix elements at t = 0. We 
find 



F off (0) = 1 



48tt 2 



1 + ln 



Mi 



Moff 



(6.22) 



where /i^Moff) denotes the high-energy constant from the 
0(p 4 ) Lagrangian see appendix [U] According to Eq. 
(|6.22[) . the form factor is not normalized to one at zero 
momentum transfer, in contrast to the statement made in 

Ref. US]. 

Matching of the Eq. H6.22|l and Eq. T|) enables one 
to determine h^ifics), 



1 1 



(6.23) 



This expression agrees with the corresponding expression 
from Refs. 22,23], if the MS renormalization scheme is 
used there to remove the divergences in the two-point 
function of two vector sources. As expected, at the level 
of the effective theory, the dependence on the underlying 
scale [i appears in the effective couplings, which is /^(/ieff) 
in the present case. 



7 Comparison with other approaches 

The scale and gauge dependence of electromagnetic LECs 
has been discussed in the literature before [7H51lll)| , in the 
framework of QCD+7 . Here, we compare our approach 
with those works. The comparison with the procedure of 
Ref. [S] is complicated by the fact that these authors use 
different models to describe the physics at different mo- 
menta, and introduce several scales to separate momen- 
tum regimes. On the other hand, the prescription for the 
splitting of strong and electromagnetic effects considered 
in Moussallam's work ^U] is the same as in Ref. jS], and 
we therefore stick to a comparison with that article for 
simplicity. 



7.1 Pion mass in QCD+7 

In order to illustrate the treatment followed by Moussal- 
lam, we first consider the quark mass expansion of the 
charged pion mass in the effective theory of QCD+7 in 
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SU (3) x SU(3), because Moussallam's article refers to this 
framework. This expansion has been worked out by Urech 
up to and including terms of order p 4 , e 2 p 2 in the limit 
where m u = m d . We relax this condition and find 

M 2 + = {m u + m d )B + 2e 2 Z F 2 

+ e 2 (m u K r u + m d K r d )B + L pi + 0{p 6 ) . (7.1) 

Here, B ,F ,Z stand for B,F,Z evaluated at m s = 0, 
and K r q are linear combinations of the SU(3) x 5/7(3) ana- 
logues of the electromagnetic LECs k\. The symbol L p i 
denotes contributions from loops and from strong coun- 
terterms at order m 2 ,e 2 m q - the explicit expressions for 
these terms are not needed in the following. The point we 
wish to make here is the fact that, according to Ref. 
the LECs K r q depend on the QCD+7 scale \i as follows, 

M |-(i^,iQ = _L(4,l) + 0( ff 2 ) , (7.2) 

where g s denotes the strong coupling constant. On the 
other hand, Z and F are scale independent JU]. As the 
pion mass is scale independent as well, one has 

d e 2 

+ m d )B = -Tj^i^u + m d )B 

+ 0{m q e 2 g 2 ,m q e i ) . (7.3) 

Note that the scale dependence of the loop contributions 
Lpi is then of order e 2 m 2 , e A m q and thus beyond the accu- 
racy considered here. The relation Eq. I|7.3[) may be com- 
pared with the running of the quark masses in QCD+7, 



pion mass in the form 



^-7-(m u ,m d ) 



; (4m u ,m d ) 



24tt 2 

0(m q g 2 ,m q e 2 g 2 ,m q e A ) . (7.4) 



We conclude that, in this framework, some of the param- 
eters in the effective theory of the strong Lagrangian run 
with the /^-function of QCD+7 4 . 

The splitting into strong and electromagnetic effects 
advocated in the present work has a different structure. 
Indeed, what we call strong and electromagnetic parts 
of physical quantities are independent of the scale fj, in 
the underlying theory, and the scale dependence of the 
LECs differs from the one found in Refs. In order 

to illustrate the point, we consider again the LcM. 



7.2 Splitting in the linear sigma model 

The expression of the neutral pion mass has been worked 
out in section 01 We write the result (|4.6(l for the neutral 



4 This discussion parallels the one for the quantity £2 + e 2 $2 
in section 4 of Ref. |lri) . 



M 2 = f + e 2 f 1 +O(e A ,p e ) 



fo = mUU + ^r{V + L„o) 



e 2 h = 2m 2 (> 



(7.5) 



Since the physical mass is scale independent, one has 



t dfo 
djjL 



2 d h 
-e [m— 



(7.6) 



Consider now the splitting of electromagnetic and strong 
effects. In the language of Ref. JO], fo (e 2 fi) is the strong 
(electromagnetic) part of the physical mass. Both, the 
strong and the electromagnetic parts of the mass are in- 
dependent in this case. One may again work out the low- 
energy representation of M 2 and identify the low-energy 
constants in this language. For the strong part, one finds 
the expressions displayed in Eqs. HbMl|) - (|6.12|) . with 
(g,fh 2 ) — > (g,m 2 ), whereas the electromagnetic LECs are 
collected in 



\Qtt 2 \ n 2 

splitting according to Ref. ^U] 



(7.7) 



Here, the fi dependence of JC^ shows up. As is the case 
in QCD+7 discussed above, this scale dependence of the 
electromagnetic part is canceled by the corresponding sca- 
le dependence of the strong part in the framework of Ref. 

ma- 

In our framework, the strong part is given by 



(7- 



g—g,m—m.c- 



where the couplings g, m run with the strong part alone, 
see the discussion in earlier sections. The difference M 2 — 
M 2 is called electromagnetic correction in this article. 
Both, the strong and the electromagnetic parts are /^-inde- 
pendent. The electromagnetic LEC /C£ , calculated using 
our matching procedure, is displayed in Eq. I|E2|I . We note 
that the fi dependence of /C£. in Eq. I|7.7|l is the same 
as the Hi dependence in Eq. (|E2|I . One can show that 
such a correspondence exists for all quantities that are /i- 
independent. On the other hand, it does not hold anymore 
e.g. in the case of the charged form factor, whose matrix 
elements are /i dependent. 

We add a remark concerning the scale dependence of 
the electromagnetic LECs as determined in Refs. |%lll()| . 
Since both references use the same procedure, the scale 
dependences found in Ref. [Hj and in Ref. should agree. 
On the other hand, this is not the case e.g. for the coupling 
K12, see the remark at the end of section 3.4 in Ref. |10j. 

Recently, disentangling electromagnetic contributions 
has become of relevance in connection with the anomalous 
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magnetic moment of the muon, and with a precise deter- 
mination of the CKM matrix elements. As an example, 
we quote the work of Cirigliano et al. |o]|6|. The authors 
use a splitting in the framework of the effective theory of 
the Standard Model (see e.g. Eq. (3.4) in Ref. 0). The 
dependence of the couplings on the scale of the underlying 
theory is not investigated. As these calculations are not in 
close connection with the issues addressed here, we do not 
compare them with the present framework. 



8 Summary and conclusions 

i) In several applications of ChPT, one is forced to purify 
measured matrix elements from electromagnetic inter- 
actions, in order to extract what is usually called a 
hadronic quantity. As a simple example, we mentioned 
in the introduction the mass difference of charged and 
neutral kaons in pure QCD, a quantity that enters the 
calculation of the decay rj — > 3tt in the effective low- 
energy theory of QCD. It is well known that, due to 
the ultraviolet divergences generated by photon loops, 
a purification from electromagnetic effects cannot be 
performed in a unique manner. This issue has been dis- 
cussed earlier in Refs. |7IIHlTlT)] . Our article is devoted 
to a more detailed analysis of the problem. 

ii) In order to achieve the splitting in a systematic man- 
ner, we propose to match the parameters of two theo- 
ries - with and without electromagnetic interactions 
- at a given scale /ii, referred to as the matching 
scale. This enables one to analyse the separation of 
strong and electromagnetic contributions in a trans- 
parent manner. We first study in a Yukawa-type model 
the dependence of strong and electromagnetic contri- 
butions on the matching scale fii- In a second step, we 
investigate this splitting in the linear sigma model (in 
the presence of virtual photons) at one-loop order, and 
consider in some detail the construction of the corre- 
sponding low-energy effective Lagrangian. The effec- 
tive theory exactly implements the splitting of elec- 
tromagnetic and strong interactions carried out in the 
underlying theory, provided that the LECs are prop- 
erly chosen. 

iii) In our prescription for disentangling electromagnetic 
effects, the parameters of the effective Lagrangian in 
the strong sector are expressed through the parameters 
of the underlying theory in its strong sector (g, m, x m 
the case of the linear sigma model). Apart from the 
Hi dependence, the LECs of the effective theory con- 
tain the full information about the scale and gauge de- 
pendence of Green functions in the underlying theory, 
which arises when the electromagnetic interactions are 
switched on. We have studied this phenomenon by con- 
sidering the matrix element of the neutral and charged 
vector currents in the linear sigma model for illustra- 
tion. 

iv) An example of the splitting in the effective theory is 
provided by the low-energy expansion of the neutral 



pion mass, which reads 

Ml» = Ml + e 2 M 2 J + 0(e 4 ) , (8.1) 

where M% {e 2 M 2 }}) denotes the strong (electromag- 
netic) part. Both parts depend on fii, m such a man- 
ner that the physical mass is /ii independent. The re- 
sult IjS.lJ) is the analogue of the splitting that one needs 
to perform for the kaon masses in the calculation of the 
decay width r^^^. 

v) A second example is given by the pion decay constant 
in the chiral limit, where we find that 

F(ni = 1 GeV) = F(m = 500 MeV) - 0.1 MeV(8.2) 

in the framework of the linear sigma model as the un- 
derlying theory. Note that this scale dependence is of 
the same order of magnitude as the experimental un- 
certainty for the pion decay constant quoted by the 

PDG E2J. 

vi) It would be of interest to study in a next step the low- 
energy effective theory of QCD+7 along these lines. 
Once the dependence of the LECs on the QCD-scale fi 
and on the matching scale \ii is determined, a calcu- 
lation of electromagnetic corrections in the framework 
of the effective theory would reflect the corresponding 
splitting in QCD+7 . 
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A Charge matrices 

We use the following notation for the charge matrices: 

— Yukawa theory: 

Q = l(l , (Al) 

see Eq. I|2.4|l . 

— Linear sigma model: 

We use a 4 x 4 matrix Qab, see subsection 13.11 The 
only non zero entries are Q12 = —Q21 = — 1. For the 
matrix, we use the same symbol as in (lAlf) . because it 
is clear from the context which version is meant. 

— Appendix ICl 

Here, we use IjAlfl . together with 

Q= ~diag(l,-l) . (A2) 
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B Ultraviolet and infrared divergences, loop 
integrals 

B.l Divergences 

Throughout this paper, we tame both, ultraviolet and in- 
frared divergences, with dimensional regularization. Ultra- 
violet divergences are proportional to 



a(m) 



/'' 



d-4 



16tt 2 V d - 4 2 



' -i(r'(l) + ln47r)l. (B3) 



As usual, d denotes the dimension of space-time, and /i 
is the renormalization scale. In the text, we also use the 
infrared divergent quantity 



,d-4 



Air (to) 



16tt 2 Id- 4 2 



' -i(r'(l)+ln4vr)) .(B4) 



Here, m is a mass parameter, identified in the text with 
the pion mass. Infrared singularities may instead be tamed 
by introducing a small photon mass. The correspondence 
rule is 



1 / vnt, 
Air(to) -> -—2 ln — + 1 
32n z V m z 



(B5) 



B.2 Meson loops 

Here, we collect the meson loop functions used in the text. 

G(y) = f i m (1 - x(l - x)y) , 

Jo l-x(l-x)y 

K{y) = [ dxhi(l-x(l-x)y) , 



T i 2 2\ m 2 m ? f 1 g( x: it) 

J c (t; m, , Too) = — — In — ^+ / dxg(x;t)ln , 

2 to 2 J m{ 

(B6) 

where 

g(a;; i) = xm\ + (1 — x)m 2 — x(l — x)t . (B7) 
At equal mass, one has 

J c (t;m 2 ,m 2 ) = -l(t - 4m 2 )X(t/m 2 ) - ^. (B8) 



C Effective theory 

We display the effective Lagrangian for SU(2)r x SU(2)l 
in the presence of virtual photons |12Ul.'i| . It serves at the 
same time as the effective Lagrangian for the linear sigma 
model, as we discussed in sectional The Lagrangian has 
the form 



C.l Leading order 

The leading order Lagrangian is PP 

£ (2) = E-^u+d^u + x +u + u+ x) _ If^f^ 



-(d»A^ 2 + ZF 4 e 2 (QUQU + ), 



(C2) 



with U £ SU(2), and 
F^v = d^A v - d, 
X = 2B(s + ip) , 



F^y = dpAu - dvA^dpU = d^U - iR^U + iUL^, 



and 



Q= -diag(l,-l). 

The symbol (. . .) denotes the trace in flavour space. The 
external fields v^, a M , p and s are given by 



s = s°l + sW % , p = p v l+p l T\ 

where t % denote the Pauli matrices. Note that the left - 
and right-handed external fields are traceless. The mass 
matrix of the two light quarks is contained in s, 

s = M-\ , M = diag (ro„, m d ) . (C3) 

The quantity £ denotes the gauge fixing parameter, 
and the parameters F, B and Z are the three low-energy 
coupling constants occurring at leading order. 



C.2 Next-to-leading order 

The next-to-leading order Lagrangian reads 



(C4) 



The Lagrangian at order p 4 was constructed in Refs. 

£ P 4 = ±{d»U + dJJ) 2 + -l{d fl U + d v U){d IM U + d u U) 
+ J^(X + U + U+x) 2 + l j(d»U+d^ X + d» X + d^U) 



+ l 5 (R^UL^U+) 

+ Y(R^ud v u+ + l^uWu) 
-^(x + u-u+ x ) 2 

+ j{hi + h 3 )( X + x) + \{hi - h 3 )Re(det X ) 



(CI) 



(C5) 
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with right- and left-handed field strengths defined as 



D Pion masses in ChPT 



Iftu = d^lv - dul/j, - i [In, Iu] > I = R,L . 

The coefficient of {R^W + L^W) in JHU differs from 
the one in J3|> see EH]- The most general list of coun- 
terterms occurring at order p 2 e 2 was given in [12113] . see 
also the comments in section 3 of Ref. for a com- 
parison of the two works. Here, we use the notation of 
Ref. 13 . [In the present case, the charge matrix is trace- 
less. Therefore, the effective Lagrangian could be written 
in terms of Q introduced above. On the other hand, in 
Ref. |13j . the Lagrangian is written with a charge matrix 
that is not traceless. This amounts to a change of basis in 
the counterterms, except for the term proportional to kf, 
which does not occur for a traceless charge matrix. In or- 
der to have the standard notation, we use the notation of 
Ref. JO] and drop the term proportional to hi in the La- 
grangian, as well as in the expressions for the pion masses 
in section iDl ] 

C p 2 e 2 = F 2 e 2 {k 1 (d>*U + d fl U)(Q 2 ) 
+k 2 (d^U+d f ,U)(QUQU + ) 

+k 3 ((d^U+QU)(d f ,U + QU) + {d»UQU+){d tl UQU + )) 
+k 4 (d"U+QU) (d^UQU+) + k 5 ( X + U + U+x) (Q 2 ) 
+h(x + U + U + X )(QUQU + ) 

+k 8 (( x U+ - U X + )QUQU + + ( X + U - U+x)QU + QU) 
+k 9 (d t ,U + [c^Q, Q]U + d^U[c£Q, Q]U+) 
+k w {c^QUc L ^QU+) + k n {c^Qc n ^Q + c£Qc Lm Q) }, (C6) 

and 



£ e 4 = F 4 e 4 { k 12 (Q 2 ) 2 + k 13 (QUQU+)(Q 2 ) 

+ k li (QUQU+) 2 } , (C7) 



where 



-i[I»,Q], I = R,L , 



(C8) 



and where Q is given in (|A1|) . The renormalization of the 
low-energy constants of is 



hi = h'i(p cS ) + S. t 
ki = fc[(/i e ff) + cr, 



A(/icff) - 

A(Ai e ff) 

A(/i e ff) 



1 



32tt 2 
f 

32^2 
f 

32tt 2 



i = l,...,7, 

i = l, 2, 3 , 

i = 1, . . . , 14 .(C9) 



The coefficients 7* and Si were computed in Ref. 22 , and 
the coefficients Ui are calculated in Ref. ^2] for the case 
£ = 1. For the coupling kg in a generic gauge we find 



fcg = k^(fl cS ) + 



3-2£ 



A(/Z e ff) 



32tt 2 



(CIO) 



It agrees at £ = 1 with the expression given in |13j . 



For convenience, we display the low-energy expansion of 
the charged and neutral pion mass at next-to-leading order 
in the framework of SU(2) R x SU(2) L [T3|. We drop terms 
proportional to k 7l as discussed in appendix O 



Ml, = M 2 { 1 + 2^ [ H 



.M 2 

T 2 



1 M 2 

64^ ^ 



+ 



1 



lQn 2 F 2 



M 2 



M 2 + ln-f± 



M l In 



M 2 

Meff 



2^{m d -m u ) 2 l 7 + 0(p e ) 

mi + =m^ 1 + 2^ + 



(Dl) 



A/ 2 

Meff 



2e 2 ZF 2 



2 (3 + 4Z)M 2 + M, 



16tt 2 

where 

M 2 = 2mB , 



ln^+0(e 4 ,p 6 ) 



(D2) 



KZ 



20 

¥ 

20 
~9 



10 



(2k r 3 



k r 2 - k r 5 - -(23k r 6 + 18k r 8 ) 



(D3) 



E Matching LECs 

For easy reference, we collect in this appendix the param- 
eters of the low-energy effective Lagrangian, that we have 
determined to one loop in this article. The scale fj, denotes 
the running scale in the linear sigma model, see subsection 
13.21 The barred quantities g, fh indicate the running cou- 
plings in the LcrM at e = 0. They depend on the matching 
scale hi. The running scale in the effective theory is de- 
noted by /i cff . Finally, £ denotes the gauge parameter in 
the photon propagator. 



Strong LECs 

At one-loop order, one has 

M 2 = M 2 , F 2 = F 2 

1/2 



M 2 



F = —— 1 



1 



3g 2m 2 g 



16tt 2 



In- 



47T 2 / ' 



3<jf 2m 



In- 



7g 

16tt 2 
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,_, , 1 /16tt 2 iin 2m 2 22 , y 2 

„,. , 1 , 2m 2 11 1 

k{^) = -^— 2 \n-^ + -— -, 



96tt 2 /i 2 ff 36 16tt 2 



h = Q, 



(5m 2 



(El) m 2 



mass parameter of the 0(4) symmetric 
part in L a 

isospin breaking mass parameter in C a 

tree level (mass) 2 of the pions 

tree level (mass) 2 of the heavy particle 

strong part of m 2 , m o,+ 

term of order p 2 in M 2 . 



Electromagnetic LECs 

At one-loop order, we find 



7 1 -/ {, j. ^ , 2m 2 7g 



, , 5 , 2m 2 55 
27T^ /IT 871"* 



•*<"->- S5? (I -«)( 1 + ln £" 

167r 2 /C^± (Meff) = (3 + 4Z) ln — + 2Z ln — =- + 3 

ML Mi 



5Z , 2m 2 f , . , 2m 2 

" T " 3 ln ~ + c \ 16n + 45(2 ln — i; 



167r 2 /C; (/ic ff ) = 2Z(ln^f -1 
Mi 



M„ 2 ff 



(E2) 



The expression for F 2 was taken from Refs. |22II23| . 
Further, the expressions for M 2 , 1$, /g, ^7, /ij agree with 
the ones determined in those papers. 



F Glossary of mass definitions in the LaM 
and in the effective theory 

In this appendix we collect the definitions of various mass 
parameters used in the text. The following notation is used 
in the LaM as well as in the effective theory, 

M 2 0l+ - M 2 + e 2 M 2 J t+ + 0(e 4 ) , 

with 

M 2 0i+ - physical (mass) 2 of the pions 

M 2 - strong part of M 2 + 

e 2 M 2, Q + - electromagnetic part of M 2 . + . 

The mass parameter in the effective theory is the 
standard one, 



M 2 = 2mB 
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